Residual stresses (RS), springback and anticlastic curvature are the major concern after bending of sheet metal stripes. RS and springback are mainly affected by sheet width and material properties while anticlastic curvature is a consequential phenomenon associated only with narrow sections. The objective of this paper is to investigate the variation of RS with sheet width which changes from plane-strain condition for wider sheets to plane-stress condition for narrower sheets. The study of the springback is included to confirm the limit of the change from plane-strain to planestress condition. Investigation is based on finite element modelling (FEM) using ABAQUS/ Standard 6.10 to predict the influence of sheet width on RS, springback and anticlastic surface after three point bending. Analytical equation has been formulated to calculate the RS across the sheet thickness, and showed that RS is a function of sheet thickness, sheet width, strain hardening exponent (n) and loading conditions. This equation has been compared to the FEM results and good agreement has been observed.
INTRODUCTION
Bending is the most common of all sheet forming processes; it can be done mainly through three point bending, using form dies or by roll forming [1] . Figure. 1, shows the three point bending process and the deformation in both longitudinal and transversal directions. It is known that strain hardening materials retain significant residual stresses after unloading of bending load as shown in Fig.2 . The residual stresses magnitude and sign in the direction of sheet length when the entire cross section is plastically deformed, depends mainly on the difference between amount of the nonlinear plastic deformation during loading and the linear elastic recovery during unloading [2] .
Residual Stresses have significant effect on the part performance during service conditions. They can be beneficial or harmful, depending on the sign and location of the residual stresses [3] . Compressive residual stress squeezes the surface grain boundaries together and will significantly delay the initiation of fatigue cracking and increase the resistance to fatigue failure. Tensile residual stresses, on the other hand, attempt to stretch the surface apart and may lead to crack initiation, corrosion fatigue, stress corrosion cracking and hydrogen assisted cracking of the bent sections [4] .
After bending, the final shape of the sheet will deviate from the desired shape due to springback as shown in Fig.3 . Springback is one of the major quality concerns after sheet metal bending. If the shape deviation due to springback exceeds the specified tolerance, it can create serious problems for the subsequent assembly operations [5] . In the current work, springback is defined in terms of the springback factor ‫ܭ(‬ ௦ ), which is the ratio between the initial sheet radius (ܴ ) at the end of loading, and the final sheet radius (ܴ ) after relaxation as shown in Fig.3 . The Springback factor ‫ܭ(‬ ௦ ) is calculated using Equation (1) , where (ܺ ଵ ,ܻ ଵ ) and (ܺ ଶ ,ܻ ଶ ) are the coordinates of two nodal points on the surface of the bent sheet [6] . 
After bending, if the cross section remains rectangular, it will constrain the material to deform in the direction of sheet width; the strain in this direction will be zero as shown in Fig.1-b , and this occurs in case of wide sheet (plane-strain condition). However, for plane-stress condition, due to Poisson's ratio (ߥ), the compressive stress at the upper surface produces a lateral elongation of the upper layers of the beam cross section while the tensile stress at the lower surface produces a lateral retraction of the lower layers of the beam cross section. The section distorts as shown in Fig.1-c . This effect is known as anticlastic bending [7] . When a beam is bent to a radius of curvature ߩ, as shown in Fig.1 , the pure bending in opposite direction to axial bending, with a larger radius of curvature can be described as;
, where ߩ=( R+q.t), where q is constant which varied between 0.33 to 0.5 [8] . So, when designing the bending beam; we should check if the anticlastic curvature influences the beam function or not [9] .
Research in modelling of sheet metal bending started decades ago. OH et. al. [10] used two FE models based on rigid-plastic analysis and elastic-plastic analysis to simulate the RS and springback after plane strain sheet bending, and suggested that rigid-plastic analysis can be applied successfully when there are large undeforming regions. TAN et. al. [11] used the layer removal method to determine the residual stress across thickness and they reported that the RS depends on work hardening. Khiabani et. al. [12] used the FEM to study the residual stresses of the thick plates; the results had shown that the RS have maximum value at the surfaces for the strain hardening material. Spoorenberg et. al. [13] have established a numerical model to estimate residual stresses in curved wide flange sections, and pointed out that the mesh density had a great effect on the FEM results.
Chuantao Wang et. al. [14] established mathematical models for plane-strain sheet bending to predict springback, strain and stress distributions, and noted that to obtain a reasonable accuracy the non-linear (true) stress distribution across the sheet thickness, strain hardening, and material anisotropy should be considered in the model. Chan et. al. [15] used the FEM to study the spring-back in V-bending. The analysis showed that springback is dependent on punch geometry, and they also noted that to achieve good accuracy, true stress distribution and anisotropy should be taken into consideration. Tekaslan et. al. [16] determined experimentally the springback of sheet metals on V-bending dies. The results showed that an increase in the thickness of the sheet and bending angle increase springback values. Jian et. al. [17] have derived an equation to predict the springback for wide sheet after sheet bending using form dies, and reported that the geometry of the sheet and punch as well as material properties influence the amount of springback. Panthi et. al. [18] proposed an analytical model for predicting the springback in sheet bending using form dies; they reported that the springback was affected by geometry and material properties of the sheet as well as the applied load during the bending. Horrocks and Johnson [19] carried out experimental investigations into the anticlastic curvature of plastically bent plates of varying widths and constant thickness; they reported that the transverse strain equals zero if the width to thickness ratio was at least eight.
In this paper, FEM has been developed and verified by an analytical equation which is developed to calculate the residual stresses across the thickness in the direction X, SM Proceedings of the 17 th Int. AMME Conference, 19-21 April, 2016 (refer to Fig.1 ). Then the effect of sheet width on the residual stress, springback and anticlastic surface has been studied.
ANALYTICAL MODELLING
An analytical equation has been derived to calculate the loading stress distribution and residual stress across the sheet thickness. The equation is based on equating the loading moment to the un-loading moment about the N.A.
Since the plastic stress strain curve is described by the power law
where
Combining equations (3) and (4) yields
By substituting equation (5) in equation (2), and after integration
By substituting equation (7) in equation (5),
The final form of loading moment is,
Since the unloading stress must be linearly elastic, the unloading moment will be: SM Proceedings of the 17 th Int. AMME Conference, 19-21 April, 2016 
By equating the loading moment with the unloading moment, one gets:
which yields:
By subtracting the loading stress from the unloading stress, one can obtain the residual stress:
FINITE ELEMENT MODELLING
A 3D FEM has been developed using ABAQUS/Standard 6.10 to simulate the three point bending process of low carbon annealed steel (AISI 1020) in order to investigate the effect of sheet width on residual stresses, springback and anticlastic curvature. Also 2D models have been developed for plane-strain and plane-stress elements in order to compare their predicted RS with the analytical equation's result. The process was performed over two simulation steps; the first step simulated the bending process (loading step), while the second one simulated the stress-relaxation process to obtain the residual stress (relaxation step).
Model Geometry, Material and Boundary Conditions (BCs)
Figure.4, shows the basic geometry of the FE model used to simulate 3-point bending, where the sheet has supported length of 80 mm, thickness of 5 mm and variable width of 120 mm to ensure plane-strain condition, to 10 mm to ensure plane-stress condition. The punch has a radius of 15 mm and the support has a radius of 5 mm. The sheet is made of annealed low carbon steel AISI 1020, the properties of which are presented in Table 1 , while the punch and supports are modeled as rigid bodies. Only quarter of the setup is modeled with the aid of symmetric boundary conditions. The supports were fixed in all directions, while the punch was moved in the vertical direction (Y) with specific value equal 10 mm which ensures full plasticity across the thickness for the maximum selected sheet width (i.e. 120 mm).
Analysis Type
An implicit, mechanical analysis has been used in both simulation steps: the loading step and the stress-relaxation step. Thermal and strain rate effects were not included because the deformation speed is very low and the generated heat can be ignored due SM Proceedings of the 17 th Int. AMME Conference, 19-21 April, 2016 to its little effect. Contact surface pair is defined between two surfaces that are in contact during the loading step. Due to the ease of sliding between the sheet and supports, low coulomb friction coefficient has been assumed (µ=0.05). After the bending step, all the interactions with the sheet and the boundary conditions are removed in the relaxation step, and the sheet is left for relaxation for a period of time larger than deformation time to predict the residual stress.
Meshing
A 4-node bilinear plane strain quadrilateral, reduced integration (CPE4R), and 4-node bilinear plane stress quadrilateral, reduced integration (CPS4R) elements are used to mesh the sheet in the 2D FEM, while 8-node linear brick, reduced integration (C3D8R) are used to mesh the sheet in the 3D FEM. The 2D model is built with two element types; plane-strain and plane-stress elements to validate the analytical equation's results under both conditions.
Mesh sensitivity analysis
Mesh sensitivity analysis is carried out to ensure that the mesh size used is neither time consuming, nor leading to error in the results. The element size in the direction of sheet thickness is decreasing toward the sheet surfaces, while the element size in the direction of sheet length is increasing towards the free edges as shown in Fig.4 . The optimum element size across the sheet thickness is 0.1* 0.35 mm at the surface.
RESULTS AND DISCUSSION
The presented FEM is firstly validated. Current validation is based on comparing the RS from FEM to the RS from the analytical equation. Then the effects of sheet width on residual stresses, springback and anticlastic surface have been studied through 3D FEM. Fig.5 and Fig.6 , compares the 2D and 3D FEM results of the change of RS across the thickness to the corresponding analytical results, for each of plane-strain and planestress conditions, respectively. As shown, good match is found between 2D and 3D FEM results and the analytical solution especially at lower layers of the sheet thickness (stretched layers during bending), but there is some deviation between the analytical and FEM results at the upper layers of the sheet thickness (compressed layers during the bending). This could be due to the shift of neutral axis towards the compression side, which is ignored in the analytical equation.
Model Validation

Effect of Sheet Width on the Residual Stresses
Residual stress has been calculated for different sheet width from 120 to 10 mm in order to cover the range from plane-strain to plane-stress conditions. The results show that the sheet width has significant effect on the RS across the thickness especially at the upper layers as shown in Fig.7 . The results shown in Fig.8 represent the effect of sheet width on the RS at the upper and lower surfaces and across the thickness; all positions have exhibited the same trend. When the sheet width increases, the RS increase until width to thickness ration w/h equals 8 (sheet width equals 40 mm), then the RS start to decrease with further increase of the sheet width, suggesting that the RS is inversely proportional to sheet width for w/h greater than 8. This limiting ratio agrees with the results obtained by [19] . Figure.8 , also shows that the maximum difference in the RS is found to be 32 % between sheet widths 10mm and 40 mm at the upper surface. Moreover, the maximum RS is tensile and existing on the upper surface of the sheet, which causes tendency for cracking of this surface if it is subjected to cyclic load during service. The Interpretation of the previous trend is shown in Fig.9 , which presents the variation of the plastic strain in the direction of width, this strain reaches nearly zero value at width of 40 mm, suggesting the onset of plane strain condition. Figure. 10, presents the effect of sheet width on springback factor ‫ܭ(‬ ௦ ) in plane X-Y (as shown in Fig.3 ), where springback factor has been found to increase (i.e., less springback) with the increase of width up to a limiting width of about 40 mm, beyond which it reaches a constant value of 0.97 for plane-strain condition. This suggests that the springback is relatively small for plane strain condition and increases significantly with the reduction of width (under plane stress condition). The figure confirms that the change from plane-strain to plane-stress condition is almost at w/h ratio of about 8.
Springback
Anticlastic Surface
The anticlastic curvature is calculated in terms of the maximum curvature height, and then plotted against the sheet width, as presented in Fig.11 . The Figure indicates that under plane-stress condition, the curvature of the anticlastic surface increases sharply by about 70 % when the sheet width decreases from 40 mm to 20 mm. Note that if the width is lower than 20 mm the workpiece will no longer be a sheet, and will becomes a billet, in which case the previous trend will not be valid. Figure. 12, shows three anticlastic surfaces: (a) in case of plane-strain condition, where there is no anticlastic behavior (b) transition from wide to narrow sheet and (c) in case of plane-stress condition.
CONCLUSION
Sheet width is one of the important parameters in the three point bending process, and has a great effect on residual stresses, springback and anticlastic surface. In this paper, FE model has been developed using (ABAQUS) to predict the effect of sheet width on residual stress distribution, springback and anticlastic surface. The model's results have been compared with a derived analytical equation that predicts the RS, and good agreement has been observed. From this research the following conclusions can be attained:
• RS depend on sheet width, thickness, strain hardening exponent and loading condition.
• Sheet width has significant effect on the residual stresses across the thickness, especially on the compression surface of the bent sheet which experiences maximum tensile residual stresses.
• Residual stresses have maximum value when the sheet width is almost eight times the thickness, representing a limit between plane-strain conditions for wider sheets and plane-stress conditions for narrower sheets. This limit is confirmed by zero strains in the width direction for wider sheets.
• The springback is least under plane strain conditions, and increases significantly with the decrease of the width in the plane stress region.
• The cross section under the punch suffers anticlastic distortion in the planestress region of sheet width with higher distortion at lower widths. 
